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Abstract-A new procedure to obtain symmetry-adapted functions for the different point groups 
as linear combinations of spherical harmonics is proposed regarding the geometrical and topological 
properties of a spatial arrangement of sets of charged equivalent particles. The method has proved to 
be very useful as far as high- and low-dimension irreducible representations are concerned, particularly 
in the case of high symmetry groups. 
1. INTRODUCTION 
A primary problem in quantum chemistry is the obtention of symmetry-adapted functions for 
the chemical physics system under study. In particular, for the symmetry point groups a lot of 
methods have been proposed in the literature, some of the most widely used being those of the 
references [l-6]. However, a method using the geometrical and topological properties of a spatial 
arrangement of a set of points has not been proposed so far. In this paper we suggest such a 
method, which can be used for any symmetry point group, but we believe it is especially useful 
for groups of high symmetry, i.e., groups with irreducible representations of high dimension. In 
forthcoming papers we are going to apply the above mentioned method for the obtention of basis 
functions of the symmetry species of some point groups. Likewise, we would like to point out 
that, in general, our method can be used to obtain eigenfunctions of the angular momentum with 
integer-values for the quantum number E. 
2. SETS OF EQUIVALENT PARTICLES 
Let C be a set of n particles arranged into the three-dimensional space and invariant with 
respect to the transformations of a symmetry point group G. Let us assume that the n particles 
are equivalent with respect to 9, that is to say, if e and [ are two particles of C, there will exist 
at least one symmetry transformation R E 0 that leads one of them to occupy the position of 
the other: E = RI. 
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The set C generates a n x n matrix representation A of the group Q, where the matrix elements 
of the transformation R are given by: 
A(W,u = ;’ ifp=Rv 
7 if ~1 # Rv. 
(1) 
According to (1) the character of R in the representation A will be given by the number 
of particles which keep their positions when that transformation is carried out. Generally, the 
representation A is reducible. 
A set C can be generated by all symmetry transformations R of 0 from a single particle in the 
space. The set obtained in such a way depends on the position of the initial starting particle. 
Thus, the maximun number of particles of a set C is equal to the order of B and then A becomes 
the regular representation of B. 
3. GRAM’S MATRICES 
Let us assume that each particle of C carries a unit positive electric charge and let the origin 
of the coordinate system be in the point that remains unmoved by any symmetry operation of 6, 
then the electric potential at a point of coordinates (T, 6, cp), created by the particle E, located in 
(T,,I~~,(P~) such that r < rE, is given by [7]: 
(2) 
These potential functions are transformed in the same way ss the particles of C, i.e., 
if 7Z.s = E, then RV, = V& for all {e,E} E C, (8) 
hence the set of n functions {Vcjtz E C} generates the matrix representation A of Q defined in (1). 
Let us define the functions 
(4 
which are transformed in the same way as functions V,, i.e.: 
if RV,=Vc, then R@) = I$(“, for all {E, <} E C; (5) 
hence, the set of n functions {V!“[ E E C} also generates the representation A of 8. 
The n functions {V,‘“‘, V,“‘, . . . , V$} are not orthogonal; however, we can obtain a set of 
orthogonal functions by means of the following linear combinations [8]: 
$i’l) = 2 s&y (6) 
e=l 
where the coefficients Sci are the components of the eigenvectors of the Gram’s matrix G(“) [9] 
whose elements are defined by 
G;z = (V;l)JV;)). (7) 
By replacing the functions V,“’ and V,“) by the expression V$” in (4), it is easy to check that 
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where Pl (cosoVP) are the Legendre polynomials of degree I and oVP is the angle formed by the 
position vectors of the particles v and CL. If we know G(O) and G(l) it is easy to calculate the 
next matrices by using the following recursion formula (see [9, p. 891): 
(Z+ 1). G;F’) - (2Z+ 1) -COSCY,~ -G;J +l. Gt:-') = 0. (9) 
From equation (8), it follows that G(‘) is a symmetrical real matrix; since the angles 
ov/&,C1 = 1,2,..., n) are invariant with respect to the transformation of 0, G(r) is also in- 
variant 
A(R). G(l). A(R)-’ = G(l), for all R E 6, and Z=O,1,2..., (10) 
and this can be reformulated as 
A(R) . I$“) = G(I) . A(R). 01) 
4. DIAGONALIZATION OF GRAM’S MATRICES 
The representation A generated by C can be decomposed into irreducible ones by a similarity 
transformation: 
S-l . A(R). S = F(R), (12) 
where I’(R) is a block diagonal matrix: 
rl(R) 0 
L : 
0 
0 lT2(R) : : : 0 
r(R) = . . 4 for all R E Q, 0 0 . . . rs ia) (13) 
that is, l? = I71 @l?z 6~. .@I’, , where all the l?i are irreducible representations of 0 (not necessarily 
distinct); their dimensions are ni , n2, . . . , n, respectively. By applying the transformation 5’ to 
equation (11) we obtain: 
A(r) . r(7q = r(7q . A(“), (14 
where 
A(r) = S-i . G(J) . s_ (15) 
Keeping in mind equation (12), A(‘) can be written as a block matrix: 
A(“) = 
. . . 
. . . 
(16) 
where A$) has ni rows and nj columns. According to the Theorems 2, 3 and 4 of Wigner’s book 
(Chapter 9) [4] A!‘.’ , 23 is a null matrix if i # j or a constant one (a multiple of the unit matrix) if 
i = j; i.e.: 
Ai!) = A!” . _l-J. . 6.. 
Y 2 z 23 7 (17) 
where Ei is the ni x 72% unit matrix and bij is the Kronecker delta. Thus, the matrices 
A(‘)(2 = 0, 1,2,. . . ) are diagonal: 
(2 = O,l, 2,. . .), (18) 
a2 E. MAILT~NEZ-TORIGS et 41. 
where the multiplicity of each eigenvahre & is equal to the dimension of its corresponding repre- 
sentation, I?+ 
Because G(‘) (I = 0, 1,2,. . . ) are symmetrical matrices, the transformation (15), defined by the 
matrix S, is orthogonal and so S-’ = fl, where fl is the transpose of S. Moreover, the columns 
of S are the eigenvectors of G(l). 
From the above discussion, it follows that the matrices G(‘) (1 = 0, 1,2, . . . ) are simmultaneously 
diagonalized by the similarity transformation (15), hence they are a commuting family of matrices 
(see theorem 1.3.19 of reference [lo]): 
G(‘) . G(f) = G(p) . G(l), for all 1 and 1’. (19) 
5. SYMMETRY-ADAPTED FUNCTIONS 
From the last section it follows that the functions +f) defined in (6) are a basis for the 
irreducible representations of 0 contained in A. Thus, keeping in mind the block structure 
of I’(R) (13), we can divide these functions into subsets: 
in such a manner that {&), T&), . . . ) is a basis for the irreducible representation ri of Q. 
From what has been said above and since several sets Ck(k = 1,2,. . . ) can belong to each 
group Q, we rewrite the matrix elements S,i of S as S(I’k),i, where I? and k label, respectively, 
the irreducible representation of Q and the set Ck. Thus, the i-function of the irreducible repre- 
sentation r: 
(21) 
m==-1 
can be obtained from: 
wh, = & ( > 
l/2 n 
c WkLi * K”‘(&, &>, 
a=1 
where S(I’k),i is the s-coefficient of the i-eigenvector, which is transformed according to the 
irreducible representation I?, of any G(‘) of a set Ck . 
These are symmetry-adapted functions for those groups to which the sets of equivalent points 
belong, i.e., &h, Th, Oh or &, and the groups &, T, 0 or I if only symmetry-rotations are 
considered. 
On the other hand, if we wish to obtain such functions for groups like C,,, C,,,, G& or L&d , 
we must make use of sets, C, whose particles are not all equivalent among them; however, such 
sets can always be divided into classes of equivalent particles Ct [ll]: 
L: = uct, t (23) 
where each class C, is invariant with respect to the transformations of a group &. Thus, the 
group S is a subgroup of all the groups A and it is composed of all elements that belong to 
my Gt: 
t 
Since the particles of every class Ct are transformed among them, the representation of 0 generated 
by L must be a block diagonal matrix: 
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where A, is the representation of Q generated by the class Ct. 
If we only consider the symmetry transformations belonging to 0, each representation A, can 
be reduced into irreducible representations of this group by using an orthogonal transforma- 
tion St. Therefore, the most general form of a basis function of a representation l? of Q is a linear 
combination, with arbitrary coefficients, of those functions corresponding to the representations 
of the Ot groups in which l? is contained. 
6. TOPOLOGICAL MATRICES 
In this section, we shall show that we do not need Gram’s matrices to obtain the coefficients Sei. 
Let M be a topological matrix of a set of equivalent particles C, which means that its matrix 
element Map will only be a function of the relative position of the particles Q and /3; hence M is 
a symetrical matrix. 
Because the Legendre polynomials are a complete orthogonal system of functions (see chap- 
ter II, Section 8 of reference [9]), any topological matrix M of C can be expresed as a linear 
combination of the G(“) matrices: 
M = c cl . G(l), 
1 
i.e., the matrices G(l) (1 = 0, 1,2,. . . ) are the constituent matrices or components of any topolog- 
ical matrix M. The number of terms of the summation in (26) is equal to the number of different 
values of (Y,~ in the set C; Polya’s theorem can be applied to obtain this number. 
Because of (lo), (19) and (26), any topological matrix of C is invariant with respect to the 
transformations of 9: 
A(R)-’ - M. A(R) = M for all R E 9, (27) 
and it commutes with each Gcz): 
G(l) . M = M . G(‘) (1 = 0,1,2,. . .), W-9 
hence, M will have the same eigenvectors that the G(l) matrices. Therefore, the coefficients S,i 
in (6) are the components of the eigenvectors of any topological matrix of C. Thus, we can make 
use of any topological matrix to obtain the coefficients S,i. 
The most simple topological matrix is the adjacency matrix; to obtain it we must connect 
pairs of particles of C, by means of edges, in such a way that the set of these edges must also be 
invariant with respect to the transformations of 8. Their matrix elements can be obtained by 
using the following rules 
M,, = 
1, if u is connected to p 
0, otherwise. 
(29) 
7. SETS C WITH A CENTRE OF SYMMETRY 
When C has a centre of symmetry, it is possible to divide it into two subsets: C = C+ U C-, 
where C!+ = {1,2,. . . 
- - 
,742) and C- = {1,2 ,..., n/2}, in such a way that the particle cr of C+ is 
related to d of C- by means of the inversion element: & = icr. 
CAMul 26:2-G 
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The adjacency matrix of such a set can be written as 
(30) 
where respectively, 
Ml= (;+ MO_), (32) 
where 
M+=M+++M+_, M-=M++-M+_, (33) 
whose matrix elements are given by: 
M+ VP =M,,+M - VP, M& = M,, - M,+. (34) 
By using these relationships we can establish the following rules: 
{ 
2, if v is connected to p and ,!i 
M+ = UP 1, if Y is connected to p or ,!i 
0, if Y is not connected to either /.J or fi 
( l, 
if v is connected to p and not to fi (35) 
M& = -1, if v is connected to D and not to p 
0, if v is connected to both p and p or to neither of them. 
Similarly, the representation A can be reduced in the following way: 
A=A+@A-, (36) 
where the matrix elements of A+ and A- are defined by the following relationship: 
A+(Wq, = A(R),, + A(R),, 
A-(R),, = A(WVIL - A(R),,. 
Hence, these matrix elements can be obtained by using the following rules: 
A+(R),, = A’ 
{ 
ifv=R,u or D=Rp 
1: 
ifv#Rp and ii#Rp 
{ 
ifu=Rp 
A-(R)., = -1, ifp=%$ 
0, ifv#Rp and ~#7+. 
According to these rules, the character of R in A+ and A- can be obtained from: 
X@+)(R) = n+(R) + n--(R), 
X(*-)(R) = n+(R) -n--(R), 
(37) 
(33) 
(39) 
where n+(R) is the number of particles of C+ whose positions remain unmoved by the transfor- 
mation R, and n-(R) the number of those particles that are transformed into their opposites 
in C- by R. Thus, the basis functions for A+ and A- must be, respectively, symmetrical and an- 
tisymmetrical with respect to the inversion element. Due to the fact that the spherical harmonics 
qm(r9, cp) are symmetrical or antisymmetrical with respect to inversion depending on whether 1 
is even or odd respectively, the basis functions of any irreducible representation, obtained by 
means of (6), will consist of linear combinations of spherical harmonics with even or odd values 
of 1 depending on whether this representation is contained in A+ or A- respectively. 
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